In this contribution to the Proceedings of the Corfu Summer Institute 2015 we present our study on photon self-interaction in the deformed U(1) gauge field theory defined via Seiberg-Witten map. We derive the θ -exact expressions for the four photon self-coupling in this theory with a large number of gauge symmetry inspired freedom parameters included. The physical effect of four photon self-coupling is accessed by its contribution to photon polarization tensor via 1-loop four-photon-tadpole-diagram. The four-photon tadpole diagram consists the same tensorial structures as the photon self-interacting bubble diagram we studied before, with however only quadratically IR divergent coefficients. We show that there exists a unique combination of gauge symmetry inspired freedoms which induces full quadratic IR divergence cancellation for arbitrary noncommutative parameter θ i j once the photon self-interacting bubble and tadpole diagrams are summed over.
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Introduction
After two decades of development, many open questions still remain in the field of the perturbative quantization of the noncommutative (NC) field theories on Moyal space [2] . One of most renowned issues is the quadratic infrared (IR) divergence in the one-loop 1-PI two point function of the gauge fields [3, 4, 5] . Actually its existence in a very large and important subcategory of the deformed gauge theories on Moyal space, namely those defined via Seiberg-Witten (SW) map [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] , was confirmed not long ago [22, 23] . Unlike the quadratic UV/IR mixing in the scalar field theory on Moyal space [24] , this quadratic IR divergence does not have a quadratic UV divergent counterpart, and appears to be difficult to control [26, 27, 28, 29, 2] .
In [23] the one loop photon-bubble-diagram contributions to the photon polarization tensor B µν (p) was studied in a θ -exact SW map expanded U(1) gauge theory. Five tensor structures were found after the loop integrals are evaluated using generalized dimensional regularization procedure:
with the following divergent parts of the B i -coefficients
One can easily observe the coexistence of both UV and quadratic IR divergences in the B i s. The parameter κ here presents the the first (e 2 ) order SW map amibiguity/freedom of the gauge field strenght. This concept was originally introduced via a θ -iterative construction [30] as a countermeasure to the infinite series of UV divergences there. Our formulism here follows a θ -exact substitute suggested in [31] . It is further shown in [23] that κ can provide full control over both UV and IR divergences in the bubble diagram only when a special full rank value of the Moyal θ i j tensor is selected. Despite significant progresses made in [23] the result is incomplete because there also exists four photon self-coupling induced by the second order θ -exact Seiberg-Witten map expansion, which is, historically, largely an untouched subject due to mathematical sophistication. Following the recent results on higher order θ -exact Seiberg-Witten map [17, 32, 18] , we present here the full θ -exact four photon self-interaction in the SW mapped deformed pure U(1) gauge theory on Moyal space and the evaluation of the resulting four-photon tadpole diagram, thus complete the one loop corrections to the photon polarization tensor.
Our explicit computation shows that photon tadpole diagram produces the same five tensor structures as the photon bubble diagrams. The tadpole integrals are, however, purely quadratic IR divergent. Therefore they could be the origin of all quadratic IR divergences in noncommutative gauge theories on Moyal space, while the absence of a UV counterpart is then explained by the vanishing of the commutative tadpole integrals in the dimensional regularization [33] . We have also included a series of new gauge symmetry inspired freedom parameters κ i s as the second order extension of parameter κ in our model definition, which are shown to offer full control over only the quadratic IR divergences for arbitrary values of Moyal θ i j tensor together with the first order parameter κ.
The article is structured as follows: The four photon self-interaction is defined in the Section 2. Section 3 handles the corresponding Feynman rules and the resulting tadpole diagram. The full one loop quadratic IR divergences in the photon polarization tensor is presented in the Section 4, then follow the discussion and conclusions. Note that in this article the capital letters denote noncommutative objects, while the small letters denote the commutative ones.
Model definition
We consider the formal U ⋆ (1) NC gauge theory action
where the formal NC gauge field strength F µν e · a µ , θ µν is regarded as a composite operator built-up using the commutative gauge field operator a µ and the NC parameter θ µν via the SW map procedure. The commutative coupling constant e is attached to the commutative gauge field operator a µ due to the charge quantization issue [25] . As a bonus feature it also serves as the ordering parameter for the θ -exact SW map expansion, i.e.
The e 2 order gauge field strength Seiberg-Witten map F e 2 µν expansion is fairly universal
3)
The structure of the θ -exact SW map of a U(1) gauge theory is summarized in [32] , where two distinct gauge field SW maps were found and analyzed up to the e 3 ∼ a 4 µ order.
Expanding (2.1) to order a 4 µ gives the following general form for the photon self-interaction
where the following distinct solutions for the e 3 order gauge field strength have been found and given explicitly in [32] . The first one is resolved from Seiberg-Witten differential equation:
The generalized star products are defined via the following modified Fourier transformations
The definitions for the momentum dependent functions f
In the above solutions we have included the following freedom parameters: κ in F e 2 µν , while for F e 3 µν we have (κ, κ 1,2 ) From those field strengths we have found the following two actions at the a 4 µ order,
It is possible to express the action (2.5) fully in terms of the commutative field strength f µν by applying a large number of integrations-by-part on the relevant terms. The outcomes are given below:
The products M (I) , and M (II) needed later, are defined via the momentum structures f (I,II) given in Appendix A:
Note that terms of order θ 2 , θ i j θ kl f ik f jl f µν and θ i j θ kl f i j f kl f µν , can be generated via the θ -iterative procedure [30] . We thus introduce in first model two additional freedom parameters
, as the θ -exact completion of these two freedoms. In this way we produce the following final forms for the a 4 µ -order action:
(2.10)
Vertex-diagram-loop integral
From the action (2.10) we read out the corresponding four-photon interactions in the momentum space, with all four momenta p i in Fig.1 being the incoming ones
+ all S 4 permutations over {p i } and {µ i } simutaneously. The definition of Γ A , Γ B , Γ i and Γ ′ i 's are given in [1] . 
Photon two-point function: Four-photon-tadpole diagram
The photon-loop computation involves a single 4-photon-tadpole-loop integral contribution to the photon polarization tensor in D dimensions and as a function of deformation freedom κ's ambiguity corrections. Following the general procedure of dimensional regularization in computing one-loop two-point functions, we first give the loop-integral with respect to general integration dimension D, then in the following we discuss the behavior in the specific D → 4 limits.
Out of the above vertices we can read out from Fig.2 the following loop-integrals
Since the first integral in the above equation (3.3) vanishes according to the dimensional regularization prescription [33] , the only remaining integral is the second one. The tensors τ µν and T µνρσ are given in Appendix B.
Four-photon-tadpole contributions in the limit D → 4 − ε
The single tadpole integral
left in (3.3) boils down to
at the D → 4 limit [1] . Combining the partial tensor reduction with the master integral at D → 4 we obtain
where we immediately notice the absence of UV and logarithmic divergent terms contrary to the photon-bubble-diagram results [23] .
Summing over the bubble and the tadpole diagrams in D → 4 − ε
In this section we present the full quadratic IR divergences in thew 1-loop corrections to the photon polarization tensor by summing up the photon-tadpole contributions (3.5) and those from the photon bubble diagrams result (1.2).
Working out the arithmetics we get the following photon-bubble plus photon-tadpole sum for the photon polarization tensor in the IR regime:
A summation over the leading UV/IR mixing terms in the bubble and tadpole diagrams provides results for overall UV/IR mixing (i.e. quadratic IR divergence):
It is then straightforward to find that κ = κ 4 = (κ 1 + κ 2 )/2 = 1 and κ 3 = 2κ 1 + 2 sends all B i sum s to zero. Thus the quadratic IR divergence is fully controllable in the sum over one loop photon self-interacting bubble and tadpole diagrams.
Discussion and conclusions
We present our results on four photon self-interaction in the SW mapped noncommutative U(1) gauge theory and its physical effect through one-loop photon self-interaction tadpole diagram Our results show that the NC massless tadpole integrals are solely quadratically IR divergent, which makes it the potential origin of all quadratic IR divergence as the bubble diagram contains tadpole integrals too.
The successful implementation of a large variety of gauge symmetry inspired freedom parameter κ, κ i=1...4 enables us to control all the quadratic IR divergences using an unique set of these parameters
This choice leaves considerable UV divergences in the bubble diagram on the other hand, which would require an unknown number of gauge-invariant yet nonlocal counter-terms. Thus the authors consider any UV divergence cancellation highly plausible. Simultaneous elimination of UV plus log and IR divergences can be obtained in a slightly different model [1] .
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A. Generalized star products
The generalized star-products based on the constant Moyal deformation parameter θ i j bear a relatively common form in momentum space
The examples relevant to this paper are
and
(A.4)
B. Tensor reduction and integration results
The partial τ(T )-tensor reduction results are listed bellow
(B.1)
C. Model (II) C.1 Interaction
A second type of Moyal deformed four photon self-coupling can be obtained by inverting the known field strength solution for the inverted SW map [10, 32] : 
After the same manipulation as in the first model we have + all S 4 permutations over {p i } and {µ i } simutaneously.
(C.4)
Details of these vertices are given in [1] .
